
1896 IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. 58, NO. 5, MAY 2011

Navigation Function-Based Control of
Multiple Wheeled Vehicles

Augie Widyotriatmo, Student Member, IEEE, and Keum-Shik Hong, Senior Member, IEEE

Abstract—In this paper, a collision-free navigation method for a
group of autonomous wheeled vehicles is investigated. The position
and orientation information of individual vehicles is transformed
to navigation variables, which are the distance left to the goal
position, the angle made by the orientation of the vehicle at the
goal position and the vehicle-to-target (v-to-t) vector, and the angle
made by the heading direction of the vehicle and the v-to-t vector.
As a Lyapunov function for deriving a smooth control law that
drives all the vehicles from an initial configuration to a goal config-
uration, a new navigation function that incorporates the squared
norm of the navigation variables, the boundaries of collision-free
areas, and the angles made by the vehicle heading direction and
the vehicle-to-obstacle (v-to-o) vectors is proposed. The asymptotic
stability of the closed-loop system is proved. The effectiveness of
the developed algorithm is illustrated through three simulations
(three vehicles in a free environment, three vehicles in the presence
of a static obstacle, and eight vehicles operating along a corridor)
and two experiments (static and moving obstacles avoidance). The
proposed algorithm has been implemented on a real forklift and
the navigation of the forklift from an arbitrary initial configu-
ration to a goal configuration while avoiding collisions has been
demonstrated.

Index Terms—Autonomous navigation, collision avoidance,
Lyapunov function, multivehicle system, nonholonomic
constraint.

I. INTRODUCTION

MULTIVEHICLE systems have received increasing atten-
tion in recent years due to their various applications

including soccer robots, material-handling vehicles, military
operations, security guards, surveillance systems, etc. The prob-
lem discussed in this paper is to obtain a feedback control law
that allows multiple vehicles to navigate from one configuration
(i.e., position and orientation) to another configuration while
avoiding collisions during their navigations. The vehicles used
in this paper have two fixed wheels in the front and one
driving-and-steering wheel in the rear. Such type of vehicle is
commonly used in the material handling industry. In this paper,
the use of forklifts in an unmanned warehouse is the focus.
In a loading/unloading process, the forklift should approach a
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pallet/load not only from a precise position, but also with an
accurate orientation of the fork.

The wheeled vehicle is a nonholonomic system (a system
with nonholonomic constraints). According to Brocket’s the-
orem, a nonholonomic system cannot be stabilized to a goal
configuration via continuous and time-invariant state-feedback
[1] (i.e., either time-varying and/or discontinuous feedback may
provide a solution). Therefore, the steering problem of such
systems to a goal configuration as they avoid obstacles, even
for a single vehicle, is a difficult task. A number of methods
to stabilize (i.e., to steer to a goal configuration) nonholonomic
systems have been proposed in the literature; some are open-
loop controls [2]–[4] and some are closed-loop controls [5]–[7].
However, most papers address only either stabilization or colli-
sion avoidance, but not both at the same time.

The recent issues of multiagent systems include the flocking
theory, the rendezvous problem in a given workspace, forma-
tion control, etc., [8]–[11]. Several studies have also been de-
voted to multiagent navigation systems with collision avoidance
ability [12]–[16]. An autonomous navigation problem is usually
decomposed into three parts [17], [18]: path/trajectory planning
[19]–[21], path/trajectory following [22]–[24], and precision
control to the desired goal configuration [25]–[27]. However,
in order for an autonomous vehicle to be accident-preventive,
it should be able to deal with a dynamically changing environ-
ment. In this sense, we consider a closed-loop solution based on
a navigation function that offers fast online motion replanning
of multiple vehicles. After collision-free motion trajectories are
determined, a robust control algorithm can be implemented [28]
to track their designed trajectories as close as they can.

Several methods have been proposed to steer mobile robots
to their destination configurations while they avoid collisions.
One method that is commonly used for collision-free navigation
is the artificial potential method both for a single robot case
[29] and for multiple robots case [30] due to its simplicity
and well-established mathematical analysis. However, the fun-
damental limitations of the artificial potential method include
the existence of local minima [30] and the lack of a rigorous
proof related to the asymptotical stability of the destination
configuration [31]. To solve the local minima problem, a nav-
igation function that assures a global minimum needs to be
constructed [32], [33]. In [34], the navigation function proposed
in [32], [33] is used as a Lyapunov function candidate and
the control law is derived in such a way that the asymptotic
stability of the destination configuration is achieved. To deal
with the nonholonomic constraints, pseudo-obstacles at both
sides of a destination point (in the perpendicular direction of
the final orientation) are assigned so that motions approaching
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from the perpendicular direction of the goal configuration are
restricted. Loizou and Kyriakopoulos [35] showed that their
kinematics-based control algorithm induces a chattering behav-
ior for multivehicle systems. To suppress chattering behaviors,
they implemented a nonsmooth backstepping control method,
which was first proposed by Tanner and Kyriakopoulos [36].

In this paper, the kinematics of a vehicle (forklift) with
one driving-and-steering wheel in the rear is first reviewed
and the configuration variables of the vehicle are reformulated
in the form of navigation variables. The navigation variables
are the distance from the vehicle frame (a body coordinate
system attached to the vehicle) to the target frame (a desired
goal configuration of the vehicle), the angle between the x-axis
of the target frame and the v-to-t vector, and the angle between
the x-axis of the vehicle frame and the v-to-t vector. By trans-
forming the configuration variables to the navigation variables,
the global asymptotic stability of the closed-loop system by a
smooth feedback control law can be guaranteed [37].

To add the functionality of collision avoidance to a stabi-
lization control law, a closed-loop algorithm based on a modi-
fied navigation function is proposed. This modified navigation
function is constructed incorporating a metric that will be
introduced in the navigation variables domain, a function that
represents the boundaries of the collision-free area, and a metric
consisting of the angles between the vehicle orientation and the
v-to-o vectors (connecting the vehicle center and the obstacle
centers). The metric of the angles made by the vehicle orien-
tation and the v-to-o vectors is included to prevent the vehicle
from navigating toward the obstacles. By using the proposed
navigation function as a Lyapunov function candidate, a control
law that steers the vehicles to their individual destinations
without collision is derived and the asymptotic stability of the
closed loop system is assured. Moreover, the resulting control
signals are smooth without any chattering.

The contributions of this paper are as follows. A new nav-
igation function to achieve both global stabilization and colli-
sion avoidance of multiple wheeled vehicles is proposed. The
asymptotic stability of the closed-loop control law to steer
multiple vehicles from their initial configuration to any configu-
ration while avoiding collision is assured. The proposed method
provides a smooth control law and the chattering phenomenon
of the closed-loop system response has been eliminated. Fi-
nally, experimental results of the proposed algorithm on a real
forklift with static and moving obstacles are presented.

The paper is organized as follows. Section II discusses the
kinematics of a typical vehicle with one driving-and-steering
wheel in the rear. Section III introduces a new navigation
function for both stabilization and collision avoidance.
Section IV investigates a navigation control law for a single
vehicle. Section V extends the navigation control law in
Section IV to the case of multiple vehicles. Section VI-A
illustrates the navigation of three vehicles in a free environment
(no static obstacles) and in the presence of a static obstacle
and the navigation of eight vehicles moving along a corridor.
Section VI-B shows the experimental results of the forklift
reaching a target configuration while avoiding static obstacles
and two moving persons. The conclusions are given in
Section VII.

Fig. 1. Forklift with a single driving-and-steering wheel in the rear.

II. VEHICLE MODEL

In this section, we present the kinematics of a wheeled vehi-
cle that has two caster wheels in the front and one driving-and-
steering wheel in the rear. In Fig. 1, l represents the distance
between the center of the rear wheel and the axis of the front
wheels; OXY represents the global coordinate frame that is
fixed in the plane of motion; O′ denotes the reference point
of the vehicle from which the vehicle motions are generated
in the global coordinate frame and becomes the origin of the
local coordinate frame O′X ′Y ′, which is attached to the vehicle
body; and OCR represents the instantaneous center of rotation
of the vehicle. A configuration (i.e., position and orientation)
of the vehicle is specified by (x, y, θ), where x, y are the
coordinates of the reference point O′ and θ is the orientation
of the local coordinate frame O′X ′Y ′ with respect to the global
coordinate frame OXY (in the counter clock-wise direction).
The linear and rotational velocities of the vehicle are denoted
by v and θ̇, respectively. Two control inputs are the driving
velocity vdr and the steering angle δ, both of which are applied
at the rear wheel. It is assumed that the rotational motions of all
wheels are pure rolling with no slipping.

From Fig. 1, the rotational velocity θ̇ of the vehicle is
obtained as follows:

θ̇ = − vdr

l/ sin δ
= − v

l/ tan δ
. (1)

The negative sign appears in the right-hand side of (1) since the
value of θ̇ is negative as the value of δ becomes positive (i.e., the
counterclockwise direction). From (1), the relationship among
the linear velocity v, the driving velocity vdr, and the steering
angle δ is derived as follows:

v = vdr cos δ. (2)

From (1) and (2), the velocities of the reference point O′ in the
global coordinate frame are obtained as follows:

ẋ = vdr cos θ cos δ (3)

ẏ = vdr sin θ cos δ (4)

θ̇ = − (vdr/l) sin δ. (5)

In Fig. 2, let O′′ be a given target point in the global coor-
dinate frame, on which the target coordinate frame O′′X ′′Y ′′

is attached. The desired goal configuration is denoted by
(xd, yd, θd), where xd, yd are the coordinates of the target point
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Fig. 2. Coordinates and navigation variables (ρ, φ, α).

O′′ and θd is the orientation of O′′X ′′Y ′′ from OXY . The v-to-t
vector is defined as a vector connecting O′ and O′′.

To design a smooth control law that drives the vehi-
cle from an initial configuration to the goal configuration,
three navigation variables ρ, φ, and α are introduced as
follows: ρ is the distance between O′ and O′′, which is
ρ =

√
(xd − x)2 + (yd − y)2; φ is the angle made by the

X ′′-axis of the target coordinate frame O′′X ′′Y ′′ and the v-to-t
vector, which is φ = atan2(yd − y, xd − x) − θd; and α is
defined as the angle between the X ′-axis of the local coordinate
frame O′X ′Y ′ and the v-to-t vector, which is α = φ − θ̃, where
θ̃ = θ − θd. With the introduction of navigation variables from
configuration variables, we can say that the origin of the space
made by navigation variables becomes (ρ, φ, α) = (0, 0, 0),
which corresponds to the realization of a target configuration in
the Cartesian coordinate frame, that is, (x, y, θ) = (xd, yd, θd).

The kinematics equations (3)–(5) can be rewritten using the
navigation variables (ρ, φ, α) as follows:

ρ̇ = − vdr cos α cos δ (6)

φ̇ = (vdr/ρ) sin α cos δ (7)

α̇ = (vdr/ρ) sin α cos δ + (vdr/l) sin δ (8)

where ˙̃
θ = θ̇ has been assumed since θd is constant. In this

paper, it is assumed that the steering angle δ is in the range of
δ ∈ (−π/2, π/2). The boundedness of the steering angle is true
for most wheeled vehicles, particularly, in the case of forklifts.

III. NAVIGATION FUNCTION

The navigation function is a function in which the negative
gradient of the function induces the vehicle to be attracted
toward a desired configuration and repelled against obstacles
[33]. The main idea behind the navigation function method is
to design a control law, which is formed by the negated gradient
of the navigation function, so that the system is driven from an
initial configuration to a goal configuration as the elements in
the system avoid collisions.

Fig. 3. Circular-shaped representations of the vehicle and the ith obstacle.

In Fig. 3, both the vehicle and the ith obstacle are represented
as circular objects. Let r and ri be the radii of the vehicle and
the ith obstacle, respectively. For collision avoidance with the
ith obstacle, a new variable γi (as a quadratic function of the
position values (x, y) of the vehicle accounting for the radii
(sizes) of the vehicle and the ith obstacle) is introduced as
follows:

γi(x, y) = ρ2
i (x, y;xi, yi) − (r + ri)2

= (y − xi)2 + (y − yi)2 − (r + ri)2 (9)

where ρi =
√

(x − xi)2 + (y − yi)2 is the distance from the
vehicle to the ith obstacle and (xi, yi) denotes the center of the
ith obstacle. Then, the collision area of the vehicle to the ith
obstacle, Ei, is defined as follows:

Ei = {(x, y) ∈ W : γi(x, y) < 0} (10)

where W denotes the total workspace of the vehicle with
zero obstacle. Let ∪n

i=1Ei, i = 1, 2, . . . , n, be the union of all
possible collision areas to n obstacles. The collision-free space
F is found by removing all the collision areas from W , that
is, F = W − ∪n

i=1Ei. Then, the boundary of the collision-free
area of the vehicle for the ith obstacle, Ki, is defined as follows:

Ki = {(x, y) ∈ F : γi(x, y) = 0} . (11)

Finally, a real-valued map Γ : F → R+, which will be used in
the navigation function to access collision-free areas, is defined
as follows:

Γ =
n∏

i=1

γi. (12)

As a result, the zero value of Γ becomes the boundary of F .
Definition 1 [32]: Let F be a collision-free area for an

autonomous vehicle and let (xd, yd) be the goal position in the
interior of F . A map Vh : F → [0, 1] is a navigation function
if it is smooth on F (at least a C2 function), has a unique
minimum at (xd, yd), is uniformly maximal on the boundary
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of F , and is a Morse function (i.e., the initial conditions that
will bring the system to saddle points are sets of measure zero).

The following navigation function was introduced in [32]:

Vh =
ρ2

(ρ2κ + Γ)1/κ
(13)

where κ is a tuning parameter so that (13) satisfies Definition 1.
However, this navigation function does not consider the non-
holonomic constraints of the vehicle. Therefore, we extend
the navigation function (13) to systems with nonholonomic
constraints.

First, the squared norm of the navigation variables is used
as a metric to determine the closeness between the initial
configuration and the goal configuration as follows:

z = kρρ
2 + kφφ2 + kαα2 (14)

where kρ, kφ, and kα are positive constants. Instead of using
(12) that configures only the collision area, we propose to
include a metric associated with the angles between the v-to-o
vectors and the vehicle orientation; for the ith obstacle, this
angle becomes βi = atan2(yi − y, xi − x) − θ, where θ ∈ Θ
is an arbitrary orientation of the vehicle, and the metric includes
β2

i . Therefore, a real-valued map B : F × Θ → R+ is defined
as follows:

B =
n∏

i=1

β2
i . (15)

Accordingly, the (x, y, θ) set where B = 0 represents the vehi-
cle configurations directed to the obstacles.

The novelty of combining two real-valued maps (12) and
(15) in a new navigation function comes from the fact that a
vehicle configuration that is close to and is directed to obstacles
should be avoided. Finally, a new navigation function for both
stabilization and obstacle avoidance is proposed as follows:

Vnh =
1
2

z

(zκ + kγΓ + kβB)1/κ
(16)

where kγ and kβ are positive constants and the subscript nh
stands for nonholonomic. A systematic method to determine
the value of κ is provided in the Appendix.

IV. STABILIZATION OF A SINGLE VEHICLE

A. Stabilization

First, we design a control law to steer the vehicle described in
Section II from an initial configuration to the goal configuration
without considering collision avoidance.

Proposition 1: Consider the system (6)–(8). The origin of
the closed-loop system under the control law

vdr = kvdr
ρ cos α (17)

δ = − tan−1

(
l

kvdr
ρ cos α

(
kαcα + (kαα + kφφ)

× kvdr
cos α sin α

kαα

))
(18)

where kvdr
and kαc are positive constants, is asymptotically

stable.
Proof: Let the squared norm of the navigation variables

in (14) serve as a Lyapunov function V . The derivative of the
chosen Lyapunov function can be written as

V̇ = 2(kρρρ̇ + kφφφ̇ + kααα̇). (19)

The substitution of (6)–(8) and (17) and (18) into (19) yields

V̇ = −2
(
kvdr

kρρ
2 cos2 α + kαckαα2

)
cos δ ≤ 0 (20)

where δ ∈ (−π/2, π/2), which implies the negative semidefi-
niteness of the Lyapunov function. From (20), we can conclude
that the Lyapunov function V is always nonincreasing in time
and asymptotically converging to a non-negative value. In turn,
the state trajectory from any initial condition is always bounded.
From (20), ρ and α are square integrable and are uniformly
continuous due to the existence of their derivatives. Therefore,
by Barbalat’s lemma, ρ and α converge to zero.

Now, we show that the value of φ also converges to zero.
By applying (17) and (18) to (6)–(8), the closed-loop system
becomes

ρ̇ = − kvdr
ρ cos2 α cos δ (21)

φ̇ = kvdr
cos α sin α cos δ (22)

α̇ =
(
−kαcα − kvdr

kφφ cos α sin α
/
(kαα)

)
cos δ. (23)

From (21) and (22), we can conclude that both ρ̇ and φ̇ converge
to zero since ρ and α converge to zero. This implies that φ
approaches a finite limit φ as time increases. From (23), it can
be seen that the value of α̇ approaches −(kvdr

kφ/kα)φ cos δ.
Since α converges to zero and α̇ is a uniformly continuous
function, based on Barbalat’s lemma, α̇ must converge to zero.
Therefore, the value of the finite limit φ must be necessarily
zero. This proves the asymptotic stability of the origin of the
closed-loop system. �

By using (18), it can be seen that the derivative of the
Lyapunov function (20) is less than zero, thus α goes to zero.
However, α might be unbounded when the measurement noises
and the input disturbances are present, particularly when α
is a small value. To solve this problem, a switching control
method is recommended to handle the measurement noises and
to reject the input disturbances of the system, as suggested
in [38]–[40].

From the closed-loop system (21)–(23), the rates of conver-
gence of the variables ρ, φ, and α to the origin are tuned by
adjusting the parameters kvdr

, kαc, kφ, and kα. It is noted that
the stabilization of the closed-loop system is independent of the
parameter kρ, but it will play a role in the collision avoidance
below.

B. Stabilization With Collision Avoidance

In this section, we derive a control law for stabilization with
collision avoidance by using the proposed navigation function
(16) as a Lyapunov candidate. To design the stabilization
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control law with collision avoidance, new variables are intro-
duced as follows:

ρ = ψ′
γ(z/κ)

n∑
i=1

(ρi/γi) cos βi (24)

α = ψ′
β

(
z
/
(κkαα)

) n∑
i=1

(
1
/
|βi|

)
(25)

ξ = ψ′
β

z

κkαα
kvdr

(kρρ cos α − ρ)
n∑

i=1

sin βi

|βi|ρi
(26)

where

κ �=ψ′
γz

/
(kρρ cos α)

n∑
i=1

(ρi/γi) cos βi (27)

ψ′
γ = ψγ

/
(ψγ +ψβ) (28)

ψ′
β = ψβ/ψγ +ψβ (29)

ψγ =

(
kγ

n∏
i=1

γi

) / (
zκ+kγ

n∏
i=1

γi+kβ

n∏
i=1

β2
i

) 1
κ+1

(30)

ψβ =

(
kβ

n∏
i=1

β2
i

) / (
zκ + kγ

n∏
i=1

γi + kβ

n∏
i=1

β2
i

) 1
κ +1

.

(31)

The dynamics of obstacle variables γi and βi can be described
by the following equations:

γ̇i = − 2ρivdr cos βi cos δ (32)

β̇i = (vdr/ρi) sin βi cos δ + (vdr/l) sin δ. (33)

We now state the following kinematic control law.
Proposition 2: Consider the system (6)–(8). The origin

(ρ, φ, α) = (0, 0, 0) of the closed-loop system under the
control law

vdr = kvdr
(kρρ cos α − ρ) (34)

δ = −tan−1

(
l

kvdr
(kρρ cos α − ρ)

×
(

kαcα(1 − α) +
kvdr

(kαα + kφφ)
kαα

×
(

kρ cos α − ρ

ρ

)
sin α − ξ

))
(35)

is asymptotically stable.
Proof: Let the navigation function in (16) be a Lyapunov

function candidate. The time derivative of the Lyapunov func-
tion is examined as follows:

V̇nh =
∂Vnh

∂ρ
ρ̇ +

n∑
i=1

∂Vnh

∂γi
γ̇i +

∂Vnh

∂φ
φ̇

+
∂Vnh

∂α
α̇ +

n∑
i=1

∂Vnh

∂βi
β̇i. (36)

By using (6)–(8), (24)–(26), (32) and (33), and the control law
(34) and (35), the time derivative (36) becomes

V̇nh =(ψγ +ψβ)
(
− kvdr

(kρρ cos α−ρ)2−kαckαα2(1−α)2

+ α

(
kvdr

(kαα+kφφ)
(

kρ cos α− ρ

ρ

)
sinα−kααξ

))
cos δ.

(37)

The positive term in (37) restrains the convergence of the
navigation variables to zero. However, when the vehicle is not
close to and is not directed to obstacles, the values of ρ, α, and
ξ are small, while at the origin, the value of ρ = α = ξ = 0
since z = 0. Thus, (37) will be in a semidefinite form as in (20).
Accordingly, the control law (34) and (35) drives the navigation
variables ρ, φ, and α to go to zero as already verified in the
proof of Proposition 1.

Now, let S = {(ρ, φ, α) : 0 ∈ V̇nh}. By inequality (27), the
value vdr = 0 occurs only at (ρ, φ, α) = (0, 0, 0). Therefore,
the set S = {(ρ, φ, α) : V̇nh = 0} contains no trajectories of
the system, except the trajectory (ρ, φ, α) = (0, 0, 0) for t ≥ 0.
By applying LaSalle’s invariance principle, every trajectory
from any initial condition of the closed-loop system converges
to zero. �

From (34), we can see that the value of ρ influences the
value of vdr. If the vehicle configuration is far from and is
not directed to obstacles, then the value of ρ becomes small.
In turn, the driving velocity vdr behaves like the control law in
(17). Conversely, if the vehicle configuration is close to and is
directed to obstacles, then the value of ρ becomes large. In this
case, the value of vdr decreases.

From (35), the value of α and ξ influence the value of δ,
where δ and vdr determine the direction of the vehicle. If the
vehicle configuration is directed to obstacles, then the value of
α becomes large. From the derivative of the Lyapunov function
(37), if the value of α is large and the third term of (37) yields
a positive value, then the rates of convergence of the navigation
variables to zero are restrained. This permits the vehicle to turn
away from the direction to the target to avoid collisions.

In (34), kρ becomes a gain to the driving velocity; kγ

becomes a gain to the value of ψγ and consequently, increases
the value of ρ, where the large value of ρ suppresses the driving
velocity vdr in the area that is close to and is directed to
obstacles. In (35), kβ becomes a gain to the value of ψβ and
accordingly increases the value of α, which provides a gain to
the steering angle δ to drive the vehicle away from the origin of
the target coordinate when the vehicle is close to and is directed
to obstacles.

V. MULTIPLE VEHICLES SYSTEM

In this section, the navigation control law developed for
a single vehicle in Section IV is extended to a multivehicle
system. The type of vehicles in the system is assumed to be the
same, that is, the typical vehicle with one driving-and-steering
wheel in the rear, as discussed in the previous section. Fig. 4
shows a conflict scenario of multiple vehicles represented by
two forklifts. Let ∪m

j=1Jj , j = 1, 2, . . . ,m, be the union of
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Fig. 4. Conflict scenario of two forklifts.

circular vehicles in the workspace. The configuration and the
radius of the jth vehicle is represented by (xj , yj , θj) and rj ,
respectively. The navigation variables of a multivehicle system
are denoted by q = (q1, . . . , qm), where qj = (ρj , φj , αj) is the
navigation variables of the jth vehicle. The control inputs for
the jth vehicle are denoted by vdrj

and δj .
In the case of multiple vehicles, the jth vehicle regards

other vehicles as moving obstacles. From the perspective of the
jth vehicle, ∪h�=jHh becomes the union of other vehicles in
the workspace. A real-valued map Γj : F → R+ is defined as
follows:

Γj =
∏
h

γhj (38)

where γhj = ρ2
hj − (rj + rh)2 and ρhj = ((yh − yj)2 +

(xh − xj)2)1/2. The zero value of Γj represents the boundaries
of the collision-free areas of the jth vehicle to the union
of the hth vehicle ∪h�=jHh. Another real-valued map
Bj : F × Θ → R+ is defined as follows:

Bj =
∏
h

β2
hj (39)

where βhj = atan2(yh − yj , xh − xj) − θj . The zero value of
Bj denotes the jth vehicle’s orientation, which is directed to

the union of the hth vehicles ∪h�=jHh. Finally, a navigation
function for multiple vehicles is defined as follows:

Vmv =
m∑

j=1

Vnhj
=

m∑
j=1

1
2

zj(
zκ
j + kγΓj + kβBj

) 1
κ

(40)

where zj = kρρ
2
j + kφφ2

j + kαα2
j .

The dynamics of variables γhj and βhj are derived as
follows:

γ̇hj = − 2ρhj(vdrj
cos βhj cos δj + vdrh

cos βjh cos δh)

(41)

β̇hj = (vdrj
/ρhj) sin βhj cos δj + (vdrj

/l) sin δj

+ (vdrh
/ρjh) sin βjh cos δh + (vdrj

/l) sin δh (42)

where ρhj = ρjh. The kinematics control law for multiple
vehicles is stated below.

Proposition 3: Consider a multivehicle system consisting
of m-vehicles, where each vehicle satisfies the dynamics of
navigation variables (6)–(8). By implementing (34) and (35) for
each vehicle, the origin of the closed-loop system is asymptoti-
cally stable.

Proof: Let the navigation function in (40) be a Lyapunov
function candidate for a multivehicle system. By implementing
(34) and (35) for each vehicle and by using (41) and (42), the
time derivative of the Lyapunov function is derived as shown in
(43) at the bottom of the page, where

ζj =
zj

κ

∑
h

(
ψ′

γj

ρhj

γhj
cos βjh − ψ′

βj

(
sinβjh

βhjρjh
+

tan δh

lh

))
× vdrh

cos δh. (44)

The derivative of a Lyapunov function of individual vehicles
V̇nhj

in (43) has the same term as in (37), except for the variable
ζj at the third term of (43). At the origin, the value of ζj , as
well as the values of ρj , αj , and ξj , are zero since zj = 0. By
the same argument as stated in Proposition 2, the navigation
variables of every vehicle are driven to the origin as t → ∞;
accordingly, qj(∞) = (0, 0, 0). Finally, all trajectories from
any initial conditions of the multivehicle system q(0) converge
to zero as t → ∞. �

Upon the definition of a navigation function, the availability
of a collision-free area is assumed. As stated in Definition 1,
a navigation function maps the domain of a collision-free area
to a real number. Thus, the existence of a collision-free area
is required during the multiple-vehicle navigation. Updating
the collision-free area during the multiple-vehicle navigation is
under our investigation.

V̇mv =
m∑

j=1

V̇nhj
=

m∑
j=1

(ψγj
+ ψβj

)
((

− kvdr
(kρρj cos αj − ρj)

2 − kαckαα2
j (1 − αj)2

+ α
j

(
kvdr

(kααj + kφφj)
(
kρ cos αj − (ρj/ρj)

)
sin αj − kααjξj

))
cos δj + ζj

)
(43)



1902 IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. 58, NO. 5, MAY 2011

Fig. 5. Motions of three vehicles reaching their targets while avoiding moving
vehicles (no static obstacles).

The proposed navigation scheme deals with either static ob-
stacles or neighboring vehicles. If static obstacles exist, they are
regarded as immobilized vehicles. In Proposition 3, the control
inputs of the hth vehicle, which are vdrh

and δh, are not in-
cluded in the control law. However, the hth vehicle implements
the same control law as the jth vehicle. Thus, their driving
velocities vdrh

approach zero as they reach their goal config-
urations. In (44), we can clearly see that ζj , ∀ j = 1, 2, . . . ,m,
converges to zero. In turn, the derivative of Lyapunov function
(43) becomes the summation of the derivative of Lyapunov
function (37) of all vehicles.

VI. SIMULATION AND EXPERIMENTAL RESULTS

A. Simulations

In this section, we verify the effectiveness of the proposed
algorithm. The configuration of each vehicle is represented by
(x, y, θ) (where the unit of x and y is meter and that of θ is
radian) and the position of a static obstacle is represented by
(x, y). The radius of each vehicle is set to 1 m.

In the first simulation, three vehicles Rj (j = 1, 2, 3) start-
ing from R10 = (0,−5, π), R20 = (−10, 0, 0), and R30 =
(−10,−10, 0) will be driven by control law (34) and (35)
to their targets at R1f = (−10,−5, π), R2f = (0,−10, 0), and
R3f = (0, 0, 0), respectively. In this case, no static obstacles are
assumed in the workspace. The used gains are kρ = kα = kφ =
1, kvdr

= 0.5, kαc = 1, kγ = 0.3, and kβ = 35. The tuning
parameter is set at κ = 60. Fig. 5 shows the motions of the
three vehicles. The intermediate positions (Rj1 and Rj2) in
the middle of the paths are snapshots of the three vehicles at
time 1 s and 3 s, respectively. Fig. 6 shows the control signals.
In Fig. 6(b) and (c), it is shown that the vehicles R2 and R3
generate reverse motions (their driving velocities become neg-
ative) to allow R1 to reach its target. Then, the vehicles R2 and
R3 reach their targets while avoiding collisions among them.

In the second simulation, a static obstacle of radius 1 m is
placed at (−5,−5), see Fig. 7. The initial-final configurations,
the gains, and the parameters used in the second simulation are
the same as before. Since the term 1/βi appears in the variable
α in (25), the value of βi is set to a positive (or negative)
small value (in our simulation, 10−6 is used) when βi becomes
zero. In the initial configuration of R1, the value of α was

Fig. 6. Control input signals of the three vehicles reaching their targets while
avoiding moving vehicles (no static obstacles). (a) Vehicle R1. (b) Vehicle R2.
(c) Vehicle R3.

Fig. 7. Motions of three vehicles reaching their targets while avoiding moving
vehicles and a static obstacle.

small. Therefore, kαcα(1 − α) and (kρ cos α − ρ/ρ) sin α in
(35) were small as well. The steering angle control signal δ is
now determined by ξ. For a small positive βi and kρρ cos α −
ρ > 0, the value of ξ in (26) becomes positive. From (35),
the steering angle control signal δ becomes positive, which
provides a negative rotational velocity in (5) (turning in the
counterclockwise direction). In response to the turning of R1
in the counterclockwise direction, the other vehicles R2 and R3
follow in the same direction. In Fig. 7, all the three vehicles
reach their goal configurations while avoiding collisions among
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Fig. 8. Control input signals of the three vehicles reaching their targets while
avoiding moving vehicles and a static obstacle. (a) Vehicle R1. (b) Vehicle R2.
(c) Vehicle R3.

them and with the static obstacle. The control input signals of
the second simulation are given in Fig. 8. In Figs. 6 and 8,
smooth control inputs signals are produced from the control
laws of both simulations.

In the third simulation, two groups of vehicles (each group
consists of four vehicles and the first and second groups of
the vehicles are denoted by R1–R4 and R5–R8, respectively)
moving in opposite directions along a corridor will be driven
to their targets by using the proposed navigation method. The
walls of the corridor are regarded as a series of point-obstacles
(ri = 0) along the two lines y = 3 and y = −6. The following
configurations have been chosen: the initial configurations are
R10 = (−20, 0, 0), R20 = (−14, 0, 0), R30 = (−20,−3, 0),
R40 =(−14,−3, 0), R50 =(4, 0, π), R60 =(4,−3, π), R70 =
(10, 0, π), and R80 = (10,−3, π); and the desired goal configu-
rations are R1f = (4, 0, 0), R2f = (10, 0, 0), R3f = (4,−3, 0),
R4f = (10,−3, 0), R5f = (−20,−3, π), R6f = (−14,−3, π),
R7f = (−20, 0, π), and R8f = (−14, 0, π). The used gains are
the same as in the previous simulations. The tuning parameter
is set at κ = 40. As shown in Fig. 9, it is observed that all the
vehicles reach their goal configurations while avoiding collision
with the static obstacles (the walls) and among them.

B. Experimental Results

Fig. 10 shows the forklift used in experiment. The forklift
has two AC motors to drive and steer the rear wheel, which are

controlled by a programmable logic controller (PLC). The cycle
time of the digital proportional-integral-derivative controller
for controlling the motors is 10 ms. The motion control algo-
rithm programmed in C++ runs on an industrial PC (Pentium
1.4 GHz) with sampling time 100 ms. The PLC and the indus-
trial PC communicate via RS232. The forklift is equipped with
a laser-based localization sensor SICK NAV200 that provides
a measurement of the forklift’s position and orientation and
with a laser range finder Hokuyo URG-04LX (range 4 m)
that provides the measurement of the distance and the angle
to obstacles. The target configuration is set to (0, 0, 0). The
maximum value of the driving velocity is set to 10 cm/s. The
obstacles are regarded as a series of point-obstacles (with no
a priori knowledge on the positions of obstacles). The gains
are set as follows: kρ = kα = kφ = 1, kvdr

= 1, kαc = 1.5,
kγ = 1, and kβ = 20. The parameter is set at κ = 70.

In the first experiment, the initial configuration of the forklift
is set to (−6.32, 2.97,−0.73). Two static obstacles are placed
at arbitrary positions. Fig. 11 shows the motion of the forklift
in the X–Y coordinates and the control inputs vdr and δ. A
series of point-obstacles captured by the Hokuyo sensor is also
shown in Fig. 11(a). The reaching of the forklift to its goal
configuration at (−0.067, 0.003,−0.017) is confirmed.

In the second experiment, the initial configuration of the
forklift is (−6.43, 2.84,−0.77). Two moving obstacles (per-
sons) are assigned to pass through in front of the forklift while
the forklift moves toward its goal configuration. Fig. 12 shows
the motion of the forklift in the X–Y coordinates and the
control inputs vdr and δ. The discrete locations of moving
persons are also indicated in Fig. 12(a). To avoid the moving
obstacles, the navigation function-based control performs a
real-time motion replanning based upon the positions of the ob-
stacles measured by the Hokuyo sensor. The final configuration
of the forklift is at (−0.067, 0.003,−0.017).

VII. CONCLUSION

In this paper, a new navigation function for the case of non-
holonomic systems has been proposed. The control law derived
from the proposed navigation function guaranteed the asymp-
totic stability of the closed-loop system with collision avoid-
ance properties. No chattering phenomenon of the closed-loop
system was seen. The effectiveness of the navigation method
was confirmed using the simulations of three and eight vehicles,
and the experimental results that achieved the goal configura-
tion while avoiding collisions among them in the presence of
static and moving obstacles in the environment. The proposed
algorithm was proven to be successful in driving the forklift
from an arbitrary initial configuration to a goal configuration
while avoiding collision with static and moving obstacles.

APPENDIX

A systematic method to determine the tuning parameter κ of
the navigation function (16) is discussed. Let a new variable η
be introduced as follows:

η
Δ= ηiη

T
i

Δ= kγ

n∏
i=1

γi + kβ

n∏
i=1

β2
i (45)
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Fig. 9. Motions of eight vehicles reaching their final configuration while avoiding collisions along a corridor. (a) t = 0 s. (b) t = 10 s. (c) t = 20 s. (d) t = 30 s.
(e) t = 50 s. (f) t = 200 s.

Fig. 10. Forklift used in the experiment.

where

ηi
Δ=

(
γi, β

2
i

)
(46)

ηi
Δ=

⎛⎝kγ

n∏
j=0,j �=i

γj , kβ

n∏
j=0,j �=i

β2
j

⎞⎠ . (47)

A function V ′
nh is introduced as follows:

V ′
nh

Δ= zκ/η. (48)

Following the results in [12] and [32], all the critical points of
Vnh (16) and V ′

nh (48) are identical. Let F1 be the collision-free
area with no goal configuration.

Lemma 1: The goal configuration (xd, yd, θd) is a nondegen-
erate minimum of Vnh.

Proof: Taking the gradient of Vnh and noting
z(xd, yd, θd) = 0 and ∇z(xd, yd, θd) = 0, we have

∇Vnh(xd, yd, θd)

=
1

2(zκ + η)2/κ

(
(zκ + η)1/κ∇z − z∇(zκ + η)1/κ

)
= 0. (49)

Examining ∇2Vnh at (xd, yd, θd), we obtain

∇2Vnh(xd, yd, θd)

=
1

2(zκ + η)2/κ

(
2(zκ + η)1/κI − z2∇(zκ + η)1/κ

)
= η−1/κI. (50)
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Fig. 11. Experimental results of reaching target while avoiding static obsta-
cles. (a) Motion. (b) Driving velocity vdr . (c) Steering angle δ.

This implies that (xd, yd, θd) is a nondegenerate minimum
of Vnh. �

Lemma 2: For any ε > 0, there exists a positive integer T (ε),
such that if κ ≥ T (ε), then there are no critical points of Vnh

in F1.
Proof: At a critical point of V ′

nh, we have

κη∇z = z∇η. (51)

Taking the magnitude of both sides of (51), we obtain

κ =
√

z‖∇η‖
/
(2η). (52)

For ‖ηi‖ ≥ ε, the upper bound of the right-hand side of (52) is
given by

√
z‖∇η‖

/
(2η) ≤ (1/2)

√
z

n∑
i=0

(
‖ηi‖

/
η
)
‖∇ηi‖

<
1
2ε

max
W

√
z max

W

n∑
i=0

‖∇ηi‖ Δ= T (ε). (53)

Fig. 12. Experimental results of reaching target while avoiding two moving
persons. (a) Motion. (b) Driving velocity vdr . (c) Steering angle δ.

If we choose

κ ≥ T (ε) (54)

then (51) does not hold, which implies that there are no critical
points of V ′

nh, as well as Vnh, in F1. �
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